Quantum Cloning of Continuous Variable Entangled States 
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We consider the quantum cloning of continuous variable entangled states. This is achieved by introducing 
two symmetric entanglement cloning machines (or e-cloners): a local e-cloner and a global e-cloner; where 
we look at the preservation of entanglement in the clones under the condition that the fidelity of the clones 
is maximized. These cloning machines are implemented using simple linear optical elements such as beam 
splitters and homodyne detection along with squeeze gates. We show that the global e-cloner out-performs the 
local e-cloner both in terms of the fidelity of the cloned states as well as the strength of the entanglement of the 
clones. There is a minimum strength of entanglement (3dB for the inseparability criterion and 5.7dB for the 
EPR paradox criterion) of the input state of the global e-cloner that is required to preserve the entanglement in 
the clones. 

PACS numbers: 03.67.Hk, 42.50.Lc, 03.65.Ta, 03.67.Mn 



I. INTRODUCTION 

A fundamental concept in quantum information theory Oh 
is the no-cloning theorem |2, 3]; which ensures that there ex- 
ists no device capable of perfectly copying an unknown quan- 
tum state. The topic of quantum cloning is with concerned 
with finding the best approximation to a quantum copier |4]. 
These approximate copies or clones are created using a phys- 
ical apparatus known as a quantum cloning machine. The 
first of these machines was developed using quantum discrete 
variables or qubits Later on this was extended to finite- 
dimensional systems or qudits (S, "t*] . 

In 2000 the natural extension to the cloning of quantum 
continuous variables was considered Continuous vari- 
ables (CV) 1 9] commonly deal with the creation, manipu- 
lation and processing of Gaussian states [ fiol ]. Examples 
of these include coherent states, squeezed states, thermal 
states and the Einstein-Podolsky-Rosen (EPR) type of entan- 
gled states. They are typically studied due to the ease with 
which they can be generated and manipulated experimen- 
tally, and theoretically analyzed. The first optical implemen- 
tations of CV cloning machines using parametric amplifiers 
and beamsplitters were presented in (nlEIilll- Since then, 
CV quantum cloning has attracted more and more interest 
lillllEIHIllI]. In El] Andersen et al. provided the first 
experimental demonstration of the cloning of coherent states 
whilst presenting an even simpler optical implementation us- 
ing only beamsplitters and homodyne detection. To date, no 
one has considered the cloning of CV entangled states. 

In this paper, we consider the quantum cloning of a class 
of CV entangled states by analyzing how well the clones have 
been preserved in terms of their fidelity as well as the strength 
of their entanglement. We require the entangled states to be 
copied with the best possible fidelity whilst analyzing how 
well the entanglement has been preserved in such a situa- 
tion. We do this by introducing CV quantum entanglement 
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cloning machines, known as e-cloners. We consider two dif- 
ferent cases: a local e-cloner and a global e-cloner. The local 
e-cloner consists of two independent cloning machines that 
copies each arm of the entangled state separately. Whilst the 
global e-cloner is a single cloning machine that takes the en- 
tire entangled state as input and outputs two clones. We show 
that the global e-cloner can copy the entangled states with a 
fixed fidelity of =4/9 whilst the local doner has a fidelity 
varying as a function of the input squeezing used to make the 
original entangled states. Furthermore we show that the global 
e-cloner preserves the strength of the entanglement whilst the 
local e-cloner never preserves any entanglement in the clones. 
Finally we give an implementation of these e-cloners using 
linear optical elements such as beamsplitters, homodyne de- 
tection and squeeze gates. 

The cloning of entangled states and its entanglement for 
discrete variables was considered in 1998 by Buzek and 
Hillery [6, 20] in the form of an arbitrary entangled Bell state. 
In 2004, Lamoureux et al. [21], investigated the cloning of an 
arbitrary unknown maximally entangled state with an exten- 
sion to the finite-dimensional case given in [22]. Why clone 
entanglement and entangled states? CV quantum entangle- 
ment [23] is used as a central resource in CV quantum infor- 
mation processes such as quantum teleportation [24], cluster 
state quantum computation [25], quantum secret sharing [26], 
quantum cryptography protocols [27] and eavesdropping at- 
tacks 1I28I1 . Hence, given its importance in quantum informa- 
tion, the topic of cloning such a resource seems reasonable. 
Furthermore it is possible that a potential quantum error cor- 
rection procedure for CV cluster state computation l^l, |2^ 
might require cloning parts of the cluster. In that case we 
would be interested in optimally copying both the nodes of 
the cluster and the entanglement between them to ensure min- 
imal loss of computational power. 

This paper is structured as follows. Section II will intro- 
duce background concepts such as CV entanglement genera- 
tion and characterization along with the universal CV linear 
cloning machine. Section III will reveal the quantum cloning 
machines for entanglement that we will consider in this paper. 
The cloning of entanglement will be considered in Section IV 
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with Section V showing how well the entanglement has been 
preserved in both e-cloners. Section VI will derive the associ- 
ated fidelities for both e-cloners, with Section VII concluding. 



II. BACKGROUND 

In this section we introduce background material such as 
the linear quantum cloning machine for CV and characterize 
the strength of CV quantum entanglement using two criteria. 
First though we define the CV quantum information nomen- 
clature used throughout this paper. 



A. Notation 

In this paper we use the commutator relation [X+, X~] = 
[f ,p] = 2i (i.e. with h = 2). Hence we can define the quadra- 
ture operators of the light field in terms of the creation and 
annihilation operators as follows 

i'+=f = a + a'^ (1) 
X- = p = z(a'^ - a) (2) 

where (+) defines the in-phase or amplitude quadrature and 
(— ) the out-of-phase or phase quadrature. The quadrature 
variance is given by = ((X^)^) — (X^). For a coherent 
state = 1. 



B. Continuous Variable EPR Entanglement 

An entangled state in CV is known as an EPR state after 
the famous 1935 Einstein-Podolsky-Rosen paradox paper llsoll 
where entanglement was first discussed. Entanglement can 
exist in various types of CV systems such as optical modes 
of light and atomic ensembles (e.g. see ["23]). The CV en- 
tanglement we will consider cloning in this paper is an un- 
known pure bi-partite Gaussian entanglement Oil] using op- 
tical modes of light. Here unknown means that this type of 
EPR state is randomly displaced in phase space. This type of 
entanglement can be described by the annihilation operators a 
in the following way 

^1 = ^i^trl + ^eprl) + «1 (3) 
a2 = \[^tvr2 + Kvr2) + «1 (4) 

where a is a random displacement in phase space and the 
quadrature amplitudes of each arm of the entanglement are 
defined as 



where X^^^ and X^^2 two squeezed beams. This type 
of entanglement can be created from a non-degenerate optical 
parametric amplification, second-harmonic generation or by 
interfering two squeezed beams on a 50/50 beamsplitter. 

The beamsplitter approach is what we will consider in this 
paper and consists of both squeezed beams being squeezed 
in the amplitude quadrature with one being rotated in phase 
space by 7r/2. These beams are then interfered on a 
50/50 beamsplitter to give the CV entanglement described by 
Eqs. (|5]) and © with variances given by 

Using the following substitutions based on the assumption we 
have pure states: Vs = K^^i = ^^qz2 = ^/^s = 

^sqzi — ^sqz2 — ' writc the abovc variance as 

Vepr = l{Vs^l/Vs) (8) 

where Vs G (0, 1]. One characteristic of this type of entangle- 
ment is the ease with which it can be disentangled: simply put 
each arm of the entangled state through a 50/50 beamsplitter. 
This disentangling property motivates this class of entangle- 
ment because, as we will see, this is an essential feature of the 
global e-cloner. 

1. CV Entanglement Criteria 

To classify the strength of the entanglement of the cloned 
EPR states we will use two common CV entanglement crite- 
ria: the inseparability criterion and the EPR paradox criterion. 
Both criteria rely on the correlation matrix to calculate the 
strength of the entanglement. A bipartite Gaussian entangled 
state (and in fact any Gaussian state) can be completely de- 
scribed by its amplitude and phase quadrature coherent am- 
plitudes and its correlation matrix. The correlation matrix 
contains the first and second order moments of the quadra- 
ture operators. It is given by a 4 x 4 matrix [33] where the 
coefficients of the correlation matrix are given by 

where {/c, /} G {+, — } and {m, n} G {x, y}. 

The inseparability criterion [ 32] was developed in 2000 by 
Duan et al. and involves using elements of the correlation 
matrix to tell whether two quantum states are entangled (in- 
separable). In our case, the product form of the inseparability 
criterion is given by 

:c=ycicT (10) 

where the measurable correlations are defined as 

Cf = C±± + C±± - 2|C±± I (1 1) 

According to the inseparability criterion, entanglement exists 
between the two modes x and y when X < 1. So for example. 
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a pure EPR state would have X =Vs where Vs is the variance 
of the squeezing used to create the entangled state. Hence 
in that case, a pure EPR state is entangled for all values of 
squeezing except when the input is a coherent state, i.e. Vs = 
1. 

Another way of classifying the strength of CV entangle- 
ment is via the EPR paradox criterion which was introduced 
in 1988 by Reid and Drummond [34]. The degree of EPR 
paradox e which measures the apparent level of violation of 
the Heisenberg uncertainty principle can also be determined 
from the coefficients of the correlation matrix. It is defined as 

(12) 

^yy ^yy 

Here we have EPR violation when the following condition is 
met, e < 1. For example, in the case of a pure input EPR 
state applying the EPR paradox criteria of Eq.([T2b we find 
e = 4:/{Vs + l/Ks)^. So for a coherent state e = 1 and for 
any level of squeezing (i.e. Vs < 1) we have e < 1. It is 
worth noting in a comparison of the two entanglement crite- 
ria, the inseparability criteria picks up a larger class of entan- 
gled states and is both necessary and sufficient. On the other 
hand the EPR paradox criteria is a sufficient but not necessary 
condition for entanglement between two beams. 

Even though the EPR paradox criterion is a stronger re- 
quirement we will still consider it as it is commonly used in 
experiments and is closely related to the original EPR para- 
dox. Additionally, violation of the EPR paradox criterion is 
a necessary condition to obtain quantum correlations in a CV 
teleported beam. For example, if the EPR source used in unity 
gain teleportation does not violate the EPR paradox criterion 
then it is impossible to get the teleported beam to show quan- 
tum mechanical effects, such as squeezing or Wigner function 
negativity ll35ll . 



The quantum cloning machine for CV is known as a linear 
cloning machine and was introduced in [19] and will form a 
central role in our entanglement cloning machines later on. It 
consists of simple linear optical elements such as beamsplit- 
ters and homodyne detection with feed forward (c.f. Fig[T]). 
The gain of the feed forward is commonly set such as to 
achieve unit gain for the entire circuit, where in our case unity 
gain is achieved by setting = a/2. In this way the ampli- 
tude of any state is copied perfectly but with a unit of noise 
added as a penalty. Hence unity gain allows us to maximize 
the fidelity of the output stated compared to the input state. It 
is in this sense that the linear cloning machine is a universal 
doner. In Figdl the final 50/50 beamsplitter is used to reduce 
the amplitude to unity and to output the two clones (A and B) 
of the original state which results in X^^ = X^ — 
and = X^ + where and are overall com- 
bination of noise terms from the cloning circuit. We observe 
firstly that, because the noise terms have zero mean, the first 
order moments of the doner are identical to the original, i.e. 
{X^j^) = {Xf^) = (Xf). On the other hand, for the second 
order moments we obtain 

= Vi% = V,^ + 1 (13) 

where we assume the cross terms are not correlated and do 
not contribute and the variance of the noise terms are set to 
one. Hence the universal CV cloning machine adds one unit 
of quantum noise to the output cloned states whilst perfectly 
copying the classical amplitude. This linear cloning machine 
has been used to optimally clone coherent states and squeezed 
states (with a known squeezing parameter) along with other 
Gaussian states 1.17.] . 

III. QUANTUM CLONING MACHINES FOR 
CONTINUOUS VARIABLE ENTANGLEMENT 



C. Universal Cloning Machine for Continuous Variables 




FIG. 1: A universal continuous variable cloning machine. This sym- 
metric 1^2 linear quantum cloning machine perfectly copies the 
amplitude of all input states (by using unity gain = >/2) whilst 
adding one unit of vacuum noise as penalty. X^ : input state to be 
cloned with the cloned output states denoted by: X^^ and X^^ ; AM: 
amplitude modulator; PM: phase modulator; , and : vac- 
uum noise terms. 



In this section we introduce two CV entanglement cloning 
machines: (1) the local e-cloner and (2) the global e-cloner. 
These machines are symmetric 1^2 quantum cloning ma- 
chines, i.e. the fidelities are identical for both clones and we 
have two copies of our initial input state. In both cases, the 
input state is chosen to be a randomly displaced EPR state 
in order to make the input state unknown. The unknown dis- 
placements are random shifts in phase space in both the po- 
sition and momentum quadratures. Figure [2] gives a graphic 
of the two cloning machines. The local e-cloner Fig. [2a) 
consists of two local cloning machines that clone each arm 
of the entanglement separately. On the other hand the global 
e-cloner Fig. Ob) is a single cloning machine that takes the 
entire entanged state as input, and outputs two copies. We 
will now introduce each e-cloner in more detail via an optical 
implementation which has been chosen based on the linear 
cloning machine introduced in Section II and requires a sim- 
ple setup with minimal resources. Although, we point out, 
that the quantum cloning machines we introduce in this paper 
and the associated unitary operations of the quantum cloning 
circuits, can be directly applied to any CV system, e.g. the 
quantum cloning of entangled atomic ensembles. 
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(b) 



' EPR State 



Global 
E-Cloner 



FIG. 2: Continuous variable entanglement cloning machines (e- 
cloners) used to clone the entangled states as well as the entangle- 
ment itself, (a) Local e-cloner consists of two individual cloning 
machines one for each arm of the entanglement, (b) The global 
e-cloner takes the whole entangled state and outputs the imperfect 
cloned copies of the initial entangled state. 



A. Local E-Cloner 

Figure [3] gives a schematic of the local entanglement 
cloning machine. The local e-cloner must be universal be- 
cause it consists of two universal linear cloning machines as 
described in Section II and featured in Fig. [T] Here a ran- 
domly displaced EPR state is created with one arm of the en- 
tanglement sent through a local e-cloner and the other arm 
sent through the other e-cloner. This setup corresponds to 
cloning two thermal states and adds one unit of vacuum noise 
to each of the original input states. Note that if the initial 
channel transmission was r] = instead of r] = 1/2 then we 
just get the 50/50 beamsplitter cloning machine. This is a 
kin to a "classical approach" to quantum cloning where we 
measure as best we can both quadratures simultaneously and 
then displace a newly created EPR state according to the mea- 
surement results. However the problem with this approach is 
that we introduce two units of vacuum noise to our cloning 
machine which does not give us the best possible fidelity. 

We also point out that for both e-cloners we require that 
the fidelity of the clones is optimized. Specifically, this cor- 
responds to having the gain set to unity because if we take 
our input set from a large ensemble, then the fidelity will re- 
duce significantly if we do not operate at unity gain ll35U 36ll. 
Also if we did not consider the fidelity of the clones, then we 
could always build a "cloning machine" that re-created new 
entanglement (independent of the input) with as much entan- 
glement as physically possible. 



B. Global E-Cloner 



The fundamental difference between the synthesizing of the 
local e-cloner compared to the global e-cloner is the require- 
ment of six additional in-line squeezers or squeeze gates for 
the global cloning machine. The squeezed gates is the reason 
why the global e-cloner is not a universal cloning machine as 
it contains a variable parameter, i.e. we need to know how 
entangled the input state is in order to know how much to un- 
squeeze the input states. Therefore we have to vary the opera- 
tion of the squeezed gates which therefore makes it input state 
dependent or non-universal. This is in contrast to the univer- 
sal local e-cloner where all parts of the cloning machine are 
fixed. 

Squeeze gates form an important component in CV quan- 
tum computation 111, Q and have recently been condi- 
tionally [38] and deterministically [39] created. The global e- 
cloner is represented by Fig.^a). Here the state to be cloned 
enters the machine and is immediately disentangled into the 
two original squeezed states that were used to create the entan- 
glement. These squeezed states are then both "un- squeezed" 
into coherent states and cloned using the linear cloning ma- 
chine. If the strength of the squeezing, given by the squeez- 
ing parameter, is known (as it is in our case) then this un- 
squeezing of the squeezed state into a coherent state followed 
by cloning the resulting coherent state, is the optimal (Gaus- 
sian) strategy (c.f. Fig.Hb)). Finally the two sets of 
two clones are then squeezed again using the same amount of 
squeezing that we used to un- squeeze them initially. 

It is important that we do not use more squeezing than 
what was initially used to un-squeeze, otherwise the quantum 
cloning machine would in a sense be "cheating" by adding 
more entanglement than what was there initially. We then 
have four squeezed states with one unit of noise added on each 
of them. Finally we then interfere the appropriate squeezed 
state clones on a 50/50 beamsplitter to create two entangled 
states. These are then the clones of the initial entangled state. 



IV. CLONING CONTINUOUS VARIABLE 
ENTANGLEMENT 



In this section we derive the output cloned states of both 
the local and global e-cloners. To do this we follow the evo- 
lution of the quantum operators through the e-cloners in the 
Heisenberg picture. We can then describe the final output in 
the Heisenberg picture which will be used in the following 
section to calculate the strength of the entanglement using the 
inseparability and EPR paradox criteria. Again we point out 
that the input states are initially randomly displaced in phase 
space by two variables 5+ and S~ chosen from a Gaussian 
distribution with zero mean. However in the following calcu- 
lations we can neglect these classical terms as they will not 
affect the strength of the entanglement. 
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FIG. 3: Schematic of the local e-cloner. Each arm of the entan- 
gled state is cloned separately using a linear cloning machine which 
copies the amplitude perfectly whilst adding one unit of vacuum 
noise onto each clone. The local e-cloner is a universal continuous 
variable cloning machine. The yellow lines indicates which arms 
are entangled. See the schematic of Fig. [T] for details on the optical 
elements. 
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FIG. 4: Schematic of the global e-cloner. The whole entangled state 
is cloned producing two imperfect cloned outputs. One of the main 
differences between the global and local e-cloner is the addition of 
the squeeze gates along with the fact that the global e-cloner is not 
a universal cloning machine but rather a state dependant cloner. (a) 
Schematic of the global e-cloner where 5* is a squeeze gate. The 
global e-cloner is made up of two linear cloning machines. See text 
for details on the optical schematics, (b) A pictorial view of what 
is happening to each arm of the entangled input state of the global 
e-cloner in terms of cloning a squeezed state with known squeezing 
parameter. 



The two input states to our cloning machine are the entan- 
gled states described by Eqs. ([5]) and © with corresponding 
variances given by Eq. (|7]). Lets look at the cloning of the 
first arm X^^^ initially. Following the notation given in the 
schematic of Fig. [3l we see that the two states after the first 
50/50 beamsplitter are given by 



(14) 
(15) 



Hence we can write the equations describing the quantum 
states after the second 50/50 beamsplitter as 



X 



4a 



(^(^etrl - ^it) T N^)) (16) 



The state X, 



5a 



^ta + 9^^ta and is given by 
1 



Re-arranging and collecting like terms we get 



X, 



5a 



Therefore we can see that to cancel the noise term TVf^ we 
need to let = a/2. This will be our value of unity gain 
and is chosen as such in order to maximize the fidelity of the 
output clones. We then have 



(18) 



After the last 50/50 beamsplitter we have the two clones {A 
and B) of Xf^^^ described by 



X 



eprlA 



X. 



eprl 



-NT 



(19) 
(20) 



where Nt = {tN^ 



Nf^)/V2 and = {^N, 



^ba — ~/^(-^epri + ^la) + 9 ^4a (1"^) N^^) / \/2 are the overall noise terms given by a combination 



where can be thought of as some experimental gain used to 
cancel the noise terms from the e-cloner. We now need to 
optimize the gain . To do this we use Eq. (fTTb with Eq. ([T6b 
to give 



of all the previously introduced noise. Therefore we have (im- 
perfectly) cloned one arm of the initial entangled state. The 
other two clones of Xf^^2 calculated in the same way and 
are given by 



9_ 



Nta)TNtS) 



^epr2A ^epr2 



^epr2B 



- 

— ^epr2 



(21) 
(22) 
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where TV^^ = {tN^, - Ng)/^/2 and iV± = {tN^ + 
N^) I \pl are the different (i.e. independent) noise terms from 
the other local e-cloner. We are now in a position to write 
the final two sets of operators describing the outputs from the 
local e-cloner. The first cloned EPR state is (c.f. Fig. [3]) 



X 
X 



eprlA 
± 



x^. 



eprl 



-N; 



epr2B ^^epr2 

and the second cloned EPR state 



^eprlB ~ ^eprl 



X 



± 



xt 



± 



epr2A ^^epr2 ~r-^^6 

Therefore calculating the variances we have 



(23) 



(24) 



V 



± 



eprlA{B) 



{(^^PvIa)'^) 



^eprl 
^eprl 



Vr 



N 



(25) 



which due to symmetry is also equal to the other two clones, 



i.e. 



1. We also know the cross terms are 



epr2A{B) ^ eprl 

not correlated and are therefore equal to zero and in the last 
line we have the symmetry V^^^ = V^^2- ^^^^ the variance 
of all the noise terms are set to one, i.e. V(iV^) = V{N^) = 
1 which gives = {V{N^) + V(iV3=^))/2 = 1. Conse- 
quently we can see from the above set of equations that the 
final two clones for each arm of the EPR state consists of the 
initial input state with a penalty of one unit of noise from the 
local entanglement cloning machine. 



Due to the symmetry of the two, we can look at putting X^ 
through the linear cloning machine which is described in Sec- 
tion II. The two clones (A and B) of this input state from the 
linear cloning machine are given by 



^lA — ^±^sqzl ^^4 



B ^±-sq. 



(28) 
(29) 



The next step is to squeeze these cloned coherent states back 
into squeezed states using the same amount of squeezing that 
we had used to un- squeeze them, i.e. s^Xfj^^ and s^Xf^. 
Hence we have 



^tqzlB = ^fqzl + "^^^5^ 



(30) 
(31) 



where -^^^lA -^fqziB cloned copies of Xf^^-^ 

din&s^Nf ands^iVg^ are the combined noise terms from the 
imperfect cloning process which are now squeezed. Follow- 
ing the same procedure, we have the two cloned copies of the 
other squeezed state Xf^^^ given by 



-^fqz2A ~ ^sqz2 ^± 
^%z2B = ^tqz2 + 



(32) 
(33) 



where again / and N^/s^ are the combined (anti- 
squeezed) noise terms. Recombining the appropriate clones 
of the squeezed states back onto a 50/50 beamsplitter to cre- 
ate entanglement (c.f. Fig.lll^a)) will give us 



B. Global E-Cloner 

We will now analyze the global e-cloner in the same way we 
did for the local e-cloner. The two input states of our cloning 
machine are again the entangled states described by Eqs. ([5]) 
and © with corresponding variances given in Eq. (|7]). As 
they first enter the global e-cloner, they encounter a 50/50 
beamsplitter whose purpose is to disentangle them into the 
original two input squeezed states used to create the entangle- 
ment, i.e. Xfq^^ and -^^^2- Our next goal is to optimally 
clone these two squeezed states. However, as mentioned be- 
fore, a squeezer followed by an optimal (Gaussian) coherent 
state doner and another squeezer is equivalent to an optimal 
(Gaussian) squeezed state doner in the case of the squeez- 
ing parameter being known. When we first un- squeeze the 
squeezed states X^^^ and X^^2 t>y an amount [where 
5^ G (0,1] and the variance of (i.e. V^) is the same vari- 
ance as the squeezed states used to create the original EPR 
state (i.e. = V^^^ = Vg^^2)^ we have the resulting coher- 
ent states described by 



sqzl 



X2 - S^X^g^2 



(26) 
(27) 



eprl A 



1 



X^^^^ A — + 'Xsqz2A) 



-XfprlB — ^{-XfqzlA -Xfqz2A) 



Xepr2A — sqzlB +^8^22^) (34) 



-Xfpr2B — f7^i.-XfqzlB -Xfqz2B) 



Hence the final cloned arms of the original EPR state can be 



written as 








Y± - 

^eprlA 




+ ^tqz2) ' 




Y^ - 
^eprlB 




~ ■^sqz2) ' 


f i-s^Nt 


y ■ 

^epr2A 




+ ^tqz2) ' 


f (s±iV5± + 


Y^ - 
^epr2B ~ 




~ ■^sqz2) ' 


f (s±iV± - 



2 

(35) 



We can rewrite the above equations into the more familiar 
form containing the arms of the original entangled input state. 
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i.e. X^p^-^ and Xfp^2- Accordingly both arms of the first clone 
of the original EPR state using the global e-cloner are given 
by 

Xf^riB = X%r2 + i-s^Nf + j^N^)/^ (36) 
The second clone can be described as 

X%r2B = X%r2 + (^^^5^ " ^A^7^)/v^ (37) 

We can now see one of the differences between the local e- 
cloner and the global e-cloner. The global e-cloner has noise 
contributions from both the two internal linear cloning ma- 
chines. On the other hand the local e-cloner is stuck with the 
noise terms from the separate linear cloning machines and is 
unable to swap the noise terms from both. The above equa- 
tions, when written in terms of their variances, will have the 
following form 

ytprlB = ytpr2B = Kp.S + ^(^S^ + ^) (38) 

In the end all clones from the global e-cloner due to symmetry 
will have the following form 

KprA(B) =yS^^ (39) 



where we have symmetrized both quadratures to give Vs = 
Kti = V-., = V+ and l/Vs ^ F",! = = Vs ■ 

The above equation shows that the variance of the output of 
the clones is twice the variance of the input of the original 
EPR state. 

If we compare Eq.([38l) of the global e-cloner to the clones 
from the local e-cloner given in Eq. (l25l) we see that the lo- 
cal doner adds one unit of noise to the original state. On 
the other hand the global e-cloner adds the average of the 
squeezed noise term with the anti- squeezed noise term from 
the squeeze gates of the global e-cloner. We will now use the 
equations that were derived in this section to determine how 
well the entanglement has been preserved in the clones from 
the local and global e-cloners. 



V. PRESERVATION OF ENTANGLEMENT IN CLONES 



We are now in a position to calculate how well the entangle- 
ment has been preserved in the clones from the two e-cloners. 
The previous section showed that the cloned outputs of the 
local e-cloner were described by Eqs. (l23l) and (1241) . How- 
ever, due to symmetry, we can choose either pair to analyze; 
likewise for the global cloning machine where Eqs. ([36b and 
([37I) describe its cloned outputs. The correlation matrices (c.f. 
Eq. Q) for the outputs of both e-cloners can be calculated and 
are given by 



CMl 



( \{Vs^l/Vs)^l 


\{Vs-l/Vs) 







2.^3 -l/Vs) 





\{Vs^l/Vs)^l 

\{Vs^l/Vs 
\(l/Vs-Vs) 





^(1/^5- 



Vs) 

1 

\iys^i/vs)^i ) 



(40) 



CMg = 



/Vs^l/Vs Vs-l/Vs \ 

Vs^l/Vs l/Vs-Vs 

Vs-l/Vs Vs^l/Vs 

V l/Vs-Vs Vs^l/VsJ 



r 



(41) 



where we have used the fact that all cross-correlations are 
zero between any two modes and the individual modes them- 



selves, i.e. IX 1^o^ 
' \ sqzl{2) sqzl{2) 



This results in C^^ = 

xy yx ' 



) - sqzl{2)^ sqz2{l)) " ^• 



and, due to symmetry. 



Using the above correlation matrices along with Eqs.JTOl) 
and ([T2I) we can calculate the inseparability criteria (Xc) and 



EPR paradox criteria (e^) for the local e-cloner as 



Tc = Vs^l 



(42) 
(43) 
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The corresponding equations for the global e-cloner are given 
by 



16 



iVs + l/Vsf 



(44) 
(45) 



The above results are plotted in Fig.O In both cases we find 
that the global e-cloner, out-performs the local e-cloner ac- 
cording to both criteria. In fact, the local e-cloner does not 
show any preservation of entanglement when using either of 
the two criteria. 



(a) 



Inseparability Criterion 




(b) 



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Squeezing used to create original EPR (Vs) 



EPR Paradox Criterion 




Squeezing used to create original EPR (Vs) 

FIG. 5: Plots of the entanglement criteria for both e-cloners. The 
performance of the local e-cloner (blue dashed line) and the global 
e-cloner (red solid line) in terms of (a) the inseparability criterion {Xc 
and Xg) and (b) the EPR paradox criterion (e^ and ec). In both cases 
the bottom axis is the amount of squeezing used to create the initial 
entanglement with Vs — being perfect squeezing and Vs — 1 
being a coherent state. The global e-cloner is capable of preserving 
entanglement according to both criteria whereas the local e-cloner 
destroys all entanglement in both cases. Here the original entangled 
input state to be cloned is given for comparison as the green (long 
dashed) line. 



Figure [5] (a) shows the performance of the local and global 
e-cloners in terms of the inseparability criteria. For the global 
e-cloner, perfect entanglement (i.e. Vs = 0) is preserved (i.e. 
X = 0). This is because if we start off with an infinitely 
squeezed source which then is unsqueezed using an infinite 
amount of energy and then we clone the coherent states us- 
ing the linear doner adding one unit of noise. These mixed 
states are then perfectly squeezed, using an infinite amount 
of energy, back to perfectly squeezed states which in turn are 
perfectly entangled states. The line then crosses from the en- 
tangled region to the not entangled region when the squeezing 
used to create the initial entanglement is Vs = 1/2. In this 
case ifVs = 1/2 the global e-cloner unsqueezes it to give a 
coherent state Vs = I. The linear cloning part then adds one 
unit of noise to both doners giving Vs = 2 and then squeezing 
back again gives Vs = I. This corresponds to two coherent 
states which are not entangled. On the other hand, the local 
e-cloner destroys all the entanglement during the cloning pro- 
cess so that no matter how much entanglement one starts off 
with none survives. It initially starts off aiX — 1 correspond- 
ing to the one unit of noise added by the doner. In the end 
both, e-cloners asymptote to the same value for the case of a 
coherent state, because at that stage they are the same cloning 
machine (the global e-cloner does not need to use the squeeze 
gates). 

Figure [3b) shows the performance of the local and global 
e-cloners in terms of the EPR paradox criterion where again 
the global e-cloner out-performs the local e-cloner. Here the 
local e-cloner stays at a fixed value of e = 4 exhibiting no 
entanglement irrespective of the strength of the entanglement 
of the initial EPR state. Like the inseparability criterion plot, 
both entanglement cloning machines asymptote to the same 
value for the coherent state input case. This corresponds to 
four times the value of e for a pure EPR state which comes 
from two units of vacuum for each of the conditional variances 
giving a value of e = 4. The global e-cloner crosses over from 
the entangled to the separable region (i.e. e = 1) for a value 
ofVs = 0.67 which corresponds to 5.7 dB of squeezing. 

The global e-cloner perform better than the local e-cloner 
because the global e-cloner allows the swapping of noise 
terms between the two local cloning machines inside the 
global e-cloner which helps preserve the quantum correlations 
and hence provide stronger entanglement. So essentially the 
global e-cloner could be thought of as a machine that creates 
entanglement from two mixed or noisy squeezed states. This 
is in direct contrast to the local e-cloner which does not allow 
for this swapping and simply adds one unit noise to each arm 
of the EPR state thereby destroying the entanglement com- 
pletely. 



VI. FIDELITIES OF CLONED EPR STATES 

We would now like to determine the quality of the clones 
produced by these e-cloners. This is achieved by calculat- 
ing the fidelities of the clones for both the local and global 
e-cloners. The fidelity is a measure of how well the output 
clones compare to the original input state. Mathematically it 
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is given by the overlap of the pure input state with the 
mixed cloned output state pout 



(46) 



We will now calculate the fidelities of the local and global 
e-cloners. 



1. Local E-Cloner Fidelity 

The fidelity formula given in Eq. (l46l) tells us that we need 
to first determine pout (the cloned output states) for the local 
e-cloner. Using the fidelity techniques given in ||8l|40|] we can 
describe this mixed output state as 

Pout = / dxidpi G{xi,pi) bi®b2\^l)){ij\D\®Dl 



I 



dxidpi Gi{xi,pi) \iIj{x,p)){iIj{x,p)\ 



(47) 



for i = 1, 2, 3, 4 where x and p are the phase space coef- 
ficients for position and momentum respectively and G is a 
two-dimensional Gaussian distribution given by 



G{xi,pi) 



1 



exp(-x^/2Fi - pI/2V2 - xl/2Vs - p\l2V^) 
= ^exp(-x^/2 - pI/2 - xl/2 - pl/2) (48) 

where we have used Vi = V2 = V^, = V/^ = 1 corresponding 
to the one unit of vacuum noise added by the local e-cloner. 
Eq. (l47b physically describes a pure EPR state that is cen- 
tered at the origin and has become mixed due to the one unit of 
noise added by the e-cloner, where this "mixedness" is created 
by randomly displacing the state according to some Gaussian 
probability distribution with all the displacement possibilities 
being integrated out. In reality, our initial pure EPR state to 
be copied | V^) is not centered at the origin but rather randomly 
displaced. However, if we assume the EPR state is centered at 
the origin, this will not change the value of the fidelity but will 
simplify the calculations. This is because the local e-cloner 
is fixed under unity gain and hence the amplitude of the two 
states we are comparing is the same. This means the fidelities 
will also not change. 

An entangled state |?/^) centered at the origin with no dis- 
placements is given by 



V2^ J 

\-j={x2^Xi))i\-j={x2 -Xi))2 



(49) 



An unknown EPR state created by displacing both 

arms of the original entanglement {ip) can be written in the 
Schrodinger picture as 



\^p{x,p)) = bl{x3,P3) <S) b2{x4,P4)\'lp) 



(50) 



where Di and D2 are the displacement operators used to shift 
both arms of the entanglement in phase space by an amount 
(xi , pi ) and {x2 , P2 ) respectively. 
The displacement operators are defined as 

b{x3,P3) = e^^3P3/4g-ix3P3/2gip3£3/2 and b{x4,P4) = 

^iX4P4/^^-iX4P4/2^ip4X4/2 ^^^J^ ^^IQ EPR 

state as follows 

b{x3,P3)\^{x2^Xi))i = e^^3P3/4+ip3(x2+xi)/2V2>< 

| — (X2 +X3)i (51) 

and likewise for the other arm 

b{x^,P4)\^{x2-Xi))2 = e^^W4+^P4(a:2-a:l)/2y2>< 



'72 



'7! 



(X2-Xi)+X4)2 (52) 



Thus using the above definitions, our randomly dis- 
placed entangled state can be written as lip^x^p)) = 
b{x3,P3,X4,P4)\i^), i.e. 



,p)) = [ dXidX2 e^(^3P3+:r.4P4)/4+ip3(x2+^i)/(2^/2) 



^ip4{x2-xi)/{2V2)-xl/AVs-xlVs/^ ^ 
X \^{X2 +X3)l|--^(X2 - Xi) +^4)2 

Using the above equation (and its conjugate) along with 
Eq. (|49l ), the fidelity expression of Eq.(l46b is calculated as 



dxidpi G{xi,pi) |(V^|V^(x,p))p 
I dx.dp, e-3/2-P^/2-.?/2-ri/2 ^ 



iV^ + l)[xl+pl+xl+pl]-2iV^-l)[x3X4-p4P3] 



{Vs^2){2Vs^l) 



(53) 



The fidelity of the local e-cloner is plotted in Fig. It 
starts off with a fidelity of J^c = when we have infinite 
squeezing in the (unphysical) case of a maximally entangled 
CV EPR state. In this situation the fidelity is zero, because 
even though perfect squeezing means the EPR state is cre- 
ated from squeezed eigenstates (and are thus perfectly mea- 
surable), the initial random displacements mean we have no 
idea where in the continuous spectrum they lie, otherwise we 
would always have perfect fidelity (i.e. JT = 1). Hence this 
is why we have the requirement that the EPR states are first 
randomly displaced in phase space. As the strength of the ini- 
tial EPR state gets weaker and weaker (and finally reaches the 
no entanglement case of coherent states Vs = I) the fidelity 
asymptotes to the fixed fidelity of the global cloning machine 
which we will see is J^g = 4/9. 
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Variance of input squeezing used to create EPR (Vs) 

FIG. 6: Plots of the fidelities for both e-cloners where both cloning 
machines are operating at unity gain (i.e. = a/2). The fidelities 
are plotted for both cloning machines: the local e-cloner fidelity Tc 
(blue line) is given by Eq. ( [53] ) and the global doner fidelity is J^g = 
4/9 (red line). Here the bottom axes are the input squeezing used to 
create the entanglement with Vs = being perfect squeezing and 
Vs = I being a coherent state. The global e-cloner outperforms the 
local e-cloner in terms of how well it copies the original entangled 
state. 



is ^ = {ai^r\piA\(^i^r) and can be rewritten as 

J=' = {ai,r\piA\ai,r) 

= {(^i\p3\(^i) 
_ 2 
~ 3 



(54) 



where we have used the fact that the fidelity of cloning a co- 
herent state is JT = {ai\p3\ai) = 2/3. 

Because we have two entangled arms to clone, the system 
containing both clones before the final beamsplitter, can be 
described as piA piB where piB is symmetrically the same 
as piA and describes the other cloned squeezed state. The 
fidelity of such a system is then given by 



{a2,r\{ai,r\piA r)|a2, r) 

4 
9 



2 2 
- X - 

3 3 



(55) 



2. Global E- doner Fidelity 



where 1^2, ^) is the other input squeezed state that was origi- 
nally created from disentangling the EPR state. Then putting 
the two mixed squeezed states through the final 50/50 beam- 
splitter, to create the cloned EPR state, does not change the 
fidelity because the beamsplitter gate is a unitary operation. 
Therefore the fidelity of the global e-cloner is given by !Fg = 
4/9 and is plotted in Fig. ©. We can see that the fidelity of 
the global e-cloner asymptotes to the local e-cloner fidelity in 
the case of having coherent states as the input. In this situa- 
tion, both e-cloners reduce to being the same quantum cloning 
machine. 



The fidelity calculation for the global e-cloner consists of 
comparing the entangled input state described in Fig. Ua) as 
X^^^ and X^^2 the cloned output state of X^^^^^ and 

^tpriB- hsiwe seen, the global e-cloner consists of 

two linear cloning machines used to clone the coherent states 
created from un- squeezing the disentangled arms of the input 
state. It has been show 1 19] that such a linear cloning machine 
optimally clones a coherent state with a fidelity of = 2/3. 
Now if the squeezing parameter is known, the best way to 
clone a squeezed state is to first un- squeeze it, clone the re- 
sulting coherent state and then squeeze again. In this case the 
optimal fidelity of such cloned states is also JT = 2/3 d]. 

Lets first show that the cloning of a squeezed state with 
known squeezing parameter has the same fidelity of a cloned 
coherent state (c.f. Figure |4] (b)). Starting off with a pure 
squeezed state |ai, r) which goes through a squeeze gate that 
un- squeezes it into a coherent state given by|ai) = 5'^|ai,r). 
The density operator of this state is given by p2 and is then 
inserted into the linear cloning machine which evolves the co- 
herent state via the CV cloning operation C. The mixed output 
states can be described by the density operator ps = Cp2& • 
These cloned states are squeezed again by the same amount 
they were un- squeezed to give mixed squeezed states given 
by pi A = SpsS^. Therefore the fidelity we are interested in 



VII. CONCLUSION 

In conclusion, we have considered the quantum cloning 
of continuous variable entangled states. We constructed and 
optically implemented two symmetric 1^2 entanglement 
cloning machines, known as e-cloners. The first, a local e- 
cloner, individually clones each arm of the EPR state and can 
be created using simple linear optical elements, such as beam- 
splitters and homodyne detection. The second cloning ma- 
chine, known as a global e-cloner, takes the whole EPR state 
as an input, and then outputs two imperfect copies. It uses 
the same optical elements as the local e-cloner but with the 
requirement of three in-line squeeze gates for each clone. We 
considered the situation where both e-cloners copied the en- 
tangled input states with the best fidelity possible whilst deter- 
mining how well the entanglement was preserved under such 
conditions. 

We found that the local e-cloner always leads to complete 
destruction of the entanglement. This is to be expected as it 
is this feature that bounds eavesdropping in continuous vari- 
able quantum cryptography HliM and prevents non-causal ef- 
fects in Bell measurements fz]. On the other hand, we find 
that entanglement can be (partially) preserved in the clones 
by the global e-cloner provided the entanglement is initially 
sufficiently strong. Perhaps surprisingly, we find that even 
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the stronger EPR correlation of the entanglement can be pre- 
served on the clones, again provided the original correlations 
are strong enough. From an experimental point of view, these 
results show that greater than 3dB of squeezing would be 
needed to exhibit entanglement from the global e-cloner in 
terms of the inseparability criterion and more than 5.7dB of 
squeezing for the global e-cloner in the case of the EPR para- 
dox criterion. 

Reflecting this, we find that the global e-cloner has a fixed 
fidelity of J^g = 4/9 whilst the local e-cloner's fidelity is a 



function of the input squeezing used to create the entangled 
states and is always less then 4/9 and only asymptotes to the 
global doner's fidelity in the case of a coherent state input. 
Future work might involve investigating whether the squeezed 
gates in the global e-cloner can be moved off-line or reduced 
in number and also the effect that a non-Gaussian e-cloner 
would have on cloning continuous variable entangled states. 

We acknowledge the support of the Australian Research 
Council (ARC). 
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